ChE-312 Numerical methods
Part 2

Exercises 4-5 solutions.

Ex. 4
Equation:
aT (x, t) d*T(x,t)
pCy ot =k dx? +]2(£T(x' t) + pgle)
Simplify!
T (x, t k d?T(x,t 2 0
(xt) (Z)JT(t)+ ®Pele
at pC dx pCy p
Assign constants
6Ti(;tc,t) = a d? T(x t) + ,BT(X t) +y
f _ K — ]2_5 — jngle
With o = pcp’ﬁ = pcp,y =0
and Tx=0,t)=T, Tlx=Lt)=T, and T(x,t=0)= LToy 4 T,
Crank-Nicolson equation:
Tt 1 n
=T+
With finite difference approximations:
d?T(x,t) _ Tig1—2Ti+Ti—q n_ T/ —2T+T n
dxz (Ax)? < Fi - CZ( (Ax)? ) + ﬁTi ty

In to Crank-Nicolson equation:

1 1 1 !
u _ l " R4t — 2T + T +BT™ +y +a Tha = 217 + T + BT +v
At 2 (Ax)? (Bx)*

Rewrite:

( alt

BAt
1 1 1 1
L (T4t — 217 + T )+—2 TP+ 4 —

Tin+1 _ Tn

L

VAt al BAt yAt
e (T = 200+ T + 517+ 1)

Define revised constants:
T =T = (@' (T = 2T + T + BT 4+ o (T, — 2T + T2 + BT + 2y

kAt ﬁ’ _ JPedt , J2pQent

Where: a’ = B = Y =
2(Ax)%pCp 2pCp 2pCp

Move all unknown terms to one side:

T — T + 22T — T = BT = TP + a'TR, — 2T + 'S, + BT + 2y
Group:
(aTE + (14 2a’ = BT + (= )T =T/ + &'T1, — 2a'T! + &'T + B'TI + 2y
At the boundary i = 1:



At the boundary i = N,:

The matrix can now be written.
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Where: o' = L,

2(Ax)%pCp
Ex. 5
The first one:

B =

Ty, =T,
0 |
—a' 1+42a -p —a
—a' 1+42a —p' —a
—a 142a - —a I
' o 1l
Ty
Tr o +aT! = 2a' T+ a' Ty + BT, + 2y
=| T} +a'T}y—2a'T; +&'T 1+ BT} + 2y
T+ @Thy = 20 Try + a'TE + B'Ti + 2/
T,
_ JPeAt VR
2pCy ! - 2pCy
1 1 1 1 1 1 1 1 7717
1 w -4 —iw -1 —-w i iw ||1
1 -4 -1 4 1 - -1 4 |1
f |1 —dw 4 W -1 dw -1 -wl|l
7t .11 -1 01 -1 1 —1ff1
1 ~w -1 4w -1 w i —iwll
1 4 -1 -4 1 i -1 —if|1
1 dw i e -1 —dw - @ AT
1 +1 +1 +1 +1 +1 41 417
1 +t0 -4 —dw -1 —-w +i +iw
1 -4 -1 +4i +1 -4 -1 +4
fo = 1 —iw +i +o -1 dw —1i -
711 -1 41 -1 +1 -1 +1 -1
1 —w —i dw -1 4w +i —iw
1 4+ -1 —4i 41 +4i -1 —4
'l +Hiw +Hi —w -1 —dw —i tw-

=
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Only the lowest “frequency” mode has a value.




The second one:
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The mode at w, = /L is present due to the periodicity of the array

The third one:

The modes at w, and w-, is present due to the periodicity of the array
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